In a recent paper we de ned and studied Parikh slender languages and showed that they can be used in simplifying ambiguity proofs of context-free languages. In this paper Parikh slender context-free languages are characterized. The characterization has diverse applications.
Introduction
Length considerations are often useful in language theory. For example, Flajolet 5] has shown that the inherent ambiguity of many context-free languages can be deduced from the transcendentality of their generating functions. Other deep results based on length considerations are well known, e.g., in the theory of Lindenmayer systems (see Rozenberg, Salomaa 18] ).
Andra siu, Dassow, P aun and Salomaa 1] have de ned and studied languages with the property that for each n the number of words in the language of length n is bounded from above by a constant. They have termed such languages slender. By now the theory of slender languages has been developed in many directions in P aun, , Dassow, P aun, Salomaa 3] , Ilie 11 ], Raz 17] and Nishida, Salomaa 13] . We mention only that slender languages are also of cryptographic interest.
As a generalization of the approach of Andra siu, Dassow, P aun and Salomaa 1] the notion of a Parikh slender language was introduced in Honkala 8] . Instead of words of length n we count the number of words with the same Parikh vector. A language L is termed Parikh slender if there is a positive integer k such that there does not exist more than k words in L having the same Parikh vector. For basic results concerning Parikh slender languages see Honkala 8] where it is also shown that Parikh slender languages (and power series) can be used in ambiguity proofs of context-free languages. In particular, a new simple proof of the result of Autebert, Flajolet and Gabarro 2] concerning the inherent ambiguity of copre x languages of in nite words is given.
In this paper we characterize Parikh slender context-free languages. Standard terminology and notation concerning formal languages will be used. Whenever necessary, the reader may consult Ginsburg 6] and Salomaa 19] . We now outline the contents of the paper. Section 2 contains the basic de nitions. We also recall some earlier results. In Section 3 we de ne Dyck loop languages and establish their connections to bounded context-free languages. Section 4 contains the characterization of Parikh slender context-free languages. As a corollary we obtain a new proof of the result of Ilie 11] and Raz 17] characterizing slender context-free languages.
2 De nitions and previous results
Consider a language L over the alphabet . L is said to be thin if for some n 0 , card(fw 2 Ljjwj = ng) 1 whenever n n 0 :
L is said to be slender if there exists a positive integer k such that card(fw 2 Ljjwj = ng) k for all n 0:
The de nitions of thin and slender languages are due to Andra siu, Dassow The following result was established in P aun, Salomaa 16 ] (see also Shallit 20] 
and (y 2 ) = h(u 2 ) = h(u) + j 1 h(w 1 ) + : : : + j n h(w n ): (7) Because (y 1 ) = (y 2 ), and by assumption ( h(w 1 ); : : :; h(w n )) is linearly independent, it follows by (6) and (7) that (i 1 ; : : : ; i n ) = (j 1 ; : : : ; j n ). Hence u 1 = u 2 and y 1 = y 2 , which shows that is injective on L.
Suppose then that ( h(w 1 ); : : :; h(w n )) is linearly dependent. Then there exist distinct n-tuples (i 1 ; : : :; i n ), (j 1 ; : : :; j n ) 2 N n such that i 1 h(w 1 ) + : : : + i n h(w n ) = j 1 h(w 1 ) + : : : + j n h(w n ): For nonnegative integers t 1, 0 q t, denote (t; q) = q(i 1 ; : : :; i n ) + (t ? q)(j 1 ; : : :; j n ): If 0 q 1 < q 2 t, clearly (t; q 1 ) 6 = (t; q 2 ). Furthermore, for a xed t 1 and any q, 0 q t, h(W( (t; q))) = h(u) + q(i 1 h(w 1 ) + : : : + i n h(w n ))+ 
is Parikh slender. We show that each h(K j ) is a simple DL language. Fix j, 1 j p, and suppose that K j = L(u; g) has the loop sequence S(u; g) = (w 1 ; : : :; w n ). Then h(K j ) = L(u; hg) is a DL language with the loop sequence (h(w 1 ); : : : ; h(w n )). By Lemma 8, ( h(w 1 ); : : :; h(w n )) is linearly independent. Therefore h(K j ) is a simple DL language. This concludes the proof that a Parikh slender context-free language is a nite union of simple DL languages.
Conversely, suppose that L 0 = L(u; g) is a simple DL language with the loop sequence (w 1 ; : : :; w n ). We now use Lemma 8 in the simple case where h is the identity mapping and conclude that is injective on L 0 . Hence L 0 is Parikh thin. Because a nite union of Parikh thin languages is Parikh slender, it follows that a nite union of simple DL languages is Parikh slender.
2
The proof of Theorem 9 implies the following result.
Theorem 10 Suppose L is a Parikh slender context-free language. Then L is a nite union of Parikh thin context-free languages.
As a corollary of Theorem 9 we also obtain a new proof of Theorem 2. Indeed, suppose L is a slender context-free language. Then L is Parikh slender and hence a nite union of slender simple DL languages. Consider a slender simple DL language L 1 = L(u; g) with the loop sequence (w 1 ; : : : ; w n ). Lemma 8 implies that the sequence (jw 1 j; : : :; jw n j) is linearly independent. Hence n = 0 or n = 1. Therefore L 1 is a paired loop. Hence L is a nite union of paired loops.
Finally, the decidability of Parikh slenderness for context-free languages can be shown by the ideas used to prove Theorem 9. However, a simpler proof is given in Honkala 9] .
